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ABSTRACT

There is a theorem (No Free Lunch) that tells us that no universal learner exists. In other
words, there is no algorithm or learning scheme that can perform arbitrarily well on any
learning task. In order to learn, then, we as scientists must induce some sort of bias into the
model. For example, if one suspects a linear relationship in their data, they can bias their
model toward linear functions. The same principle applies if one expects a polynomial rela-
tionship.

A related idea to No Free Lunch is the Bias-Variance Tradeoff. In essence, the more ex-
pressive one’s model is, the more often it could potentially be wrong—Ileading to more
variability in accuracy. Conversely, if one has introduced extreme bias into their model,
the variability of their model’s accuracy will be minimal—which is desirable if and only if
the model accuracy is high. For instance, if the data has a polynomial relationship and the
model is using a linear predictor, the variability in the model’s accuracy will probably be
low, but the accuracy will also be poor.

In this work, we aim to provide progress towards an answer to the question, “How much
bias is enough? How far can we push the bias-variance tradeoff before our accuracy is too
variable?”

In practice, the bias one would induce into a model is just specialized domain knowledge,
and acquiring that knowledge may be expensive or even impossible. Thus, it is helpful if
we can guarantee a reliable model with as little apriori knowledge as possible. For instance,
in binary classification if we know our data is linearly separable, that alone is enough to
achieve good results. This work examines how we can achieve analogous results in the case
of nonlinearly separable data.

Our results are comprised of numerous experiments that examine the importance of
bias in machine learning. One of the major themes of these experiments is structure. In
particular, we partitioned nonlinear classification in R? into several different categories so
as to exploit the inherent structure of different kinds of data sets. In the future we hope to
provide theoretical guarantees to accompany our empirical findings.
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How To Reap THis THESIS

We assume some familiarity with a variety of different mathematical disciplines. Most
prominently, comfort with probability and set theory is a necessity. Some exposure to anal-
ysis and topology would not hurt, but is not necessary. As for the skeleton of the thesis, we
provide the following outline.

* Chapter 1 provides the learning theoretic ideas such as PAC learning, No Free Lunch,
and VC dimension necessary for a discussion of bias in the field of machine learning.
This chapter is long and difficult, but we urge the reader to understand hypothesis
classes (Definition 1.4), the definitions surrounding probably approximately correct
learning (especially Definition 1.11 and Definition 1.12), and empirical risk mini-

mization Definition 1.8 at a minimum.

* Chapter 2 introduces the importance of structure. In short, linear data is not easy
to learn because it is linear, but because we are assuming it is linear and that our as-
sumption holds. If we make assumptions about the structure of nonlinear data and
those assumptions hold, nonlinear classification is not all that different from linear

classification.

* The most important ideas in Chapter 2 are contained in Section 2.2 where we dis-
cuss loops. Loops are so essential to our work that we dedicate an entire chapter to
them in Chapter 3. In Chapter 3 we discuss different kinds of loops and how cer-
tain assumptions about data labeled by loops represents stronger or weaker apriori

knowledge of the dataset.

* In Chapter 4 we explain in detail the experiments we will conduct to examine the

ideas discussed in Chapter 3.

* Finally, in Chapter 5 we analyze the results of our experiments from Chapter 4.
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A REMARK ABOUT FIGURES

Some of our figures will probably be comically large on a printed copy. It was not clear to
us how large figures needed to be in order to be pleasantly legible. Consequently, we gen-
erally made figures much larger than they may need to be. Additionally, the use of color is
quite important in our plots as we make use of heat maps to examine variability. In an ini-
tial print, we found that some of the finer details of some heat maps were not captured by
the printer. Tom will have an electronic copy of this work, should the committee need it.

ACRONYMS

We make use of several acronyms that we summarize here for the convenience of the reader.

000): Empirical Risk Minimization. ERM is what models use to learn.
¢ 000O: Probably Approximately Correct. PAC is an uncertainty quantification.

* [0O: No Free Lunch. This refers to an important theorem about the nonexistence

of a universal learner.

* U0: VC is shorthand Vapnik and Chervonenkis, the names of two contributors to

the VC dimesnion, a major idea in learning theory.

¢ 000: Fundamental Theorem of Learning. FTL states that a finite VC dimension is

equivalent to learnability.
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David Hilbert

Learning Theory Fundamentals

In what follows we will summarize major concepts from Valiant’s celebrated probably ap-
proximately correct (PAC) framework > and important theoretical extensions like the No
Free Lunch Theorem 'S and Vapnik—Chervonenkis (VC) theory 4. We believe it is to the

reader’s benefit to try to understand proofs of these fundamental results. To that end, we

10,11,9

have made efforts to adapt proofs from graduate texts/notes and provide extra com-

mentary on details conventionally left to the reader.

1.1 PAC LEARNING

The goal of the PAC learning framework is to quantify uncertainty via two parameters, a
confidence choice and an error tolerance. In simple terms, the results surrounding PAC
learning determine the conditions necessary in order to achieve a learner that is “mostly

correct most of the time.”

1.1.1 THE LEARNER’S INPUT AND OUTPUT
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We call S a sequence, not a set, because the order in which a learner receives data could
be important. Notice also that we have intentionally not specified the structure of X and
Y. The sets X and Y will change given the nature of the learning task. For much of this
document, X will be R and Y will be the set of binary labels f0; 1g, but X will change
when we discuss higher dimensions and Y will change when we discuss multiclass classifica-

tion.
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The reader may wonder why we call the output function h, instead of . We reserve f

for what is called the “true labeling function”.
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The informal goal of a learner is to return a hypothesis that is “as similar to T as possible.

The learner achieves this goal in part by searching through what is called a hypothesis class.
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Observe that the choice of hypothesis class has serious ramifications on the learner’s per-
formance. In particular, if T is not included in H—which is entirely within reason if we
do not have highly specialized domain knowledge prior to learning—then it may not be

possible to perfectly label all instances.

'In this work, we will assume labels are always deterministic, but know that that is not always the case.
Noisy data, for instance, can be interpreted as data that is labeled stochastically.



1.1.2 THE Risk oF THE LEARNER

In order for a learner to learn, it must have a method of assessing the quality of a hypothesis
and its ability to predict or classify something. We assess a single instance with what is called

a loss function.
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Different learning tasks have different loss functions. For our work, the only loss func-

tion of importance is the 0; 1 loss:

8
<A .
. 0 ifh(X) =y
o(h; (X7y)) = _
-1 ifh(xX) &y:
The 0; 1 loss simply tracks whether a single instance is labeled correctly. Since loss func-
tions only assess a single instance, they alone are not sufficient in assessing the error of a

hypothesis as a whole. For a general assessment of a hypothesis, we define the notion of risk.
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Lo(h) = E ['(h;2)]:

The true risk is what we as theorists use to make arguments about learning schemes, but
it is not actually useful in practice because we will never know the distribution D. Since we

cannot compute the true risk, we define the empirical risk via the empirical expectation.

*The reader may be curious as to whether there is any significance to denoting the learning space as Z in-
stead of just X Y. The main reason for this is brevity. We will be referring to the learning space frequently
throughout the document and notation can sometimes get quite cluttered if we write out X Y instead of
Z or (X;y) instead of . Ultimately, though, the reader should be comfortable with either notation as they
are equivalent.
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Observe that risk with the respect to the 0; 1 loss is interpreted as the probability of mis-

labeling an instance. That is, in the discrete expectation

X
ErMol=" tuminP@ =2);
2272
a correctly classified instance receives zero weight in the sum whereas an incorrectly classi-
fied instance is weighted by its probability of being sampled. Similar statements apply for a

continuous distribution.

1.1.3 EMPIRICAL RISK MINIMIZATION

Recall that we (informally) introduced learning as a search for a function that is “similar” to
some true labeling function f. The formal goal of learning is to minimize L (h), the true
risk of a hypothesis with respect to a distribution D and learning space Z. Since we cannot
compute the true risk directly, the next best attempt of risk minimization is to minimize

empirical risk.
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hs 2 000000 Ls (h):
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Empirical risk minimization (ERM) is an effective technique for minimizing true risk
under certain conditions, but it is also subject to failure if we are not careful. Consider a
hypothesis Npag that memorizes the training data:

8
<yi ifx28S
Nbad (Xi) = _

-0 otherwise:



There are several problems with Nyag even though hpag achieves zero empirical risk.
First, the probability that hpag misclassifies an instance is equal to the probability of sam-
pling a positively? labeled instance that we have not seen before. This probability could be
high, which would lead to very poor generalization*. Moreover, imagine that our learner
is attmepting to learn to classify security threats, where a positive instance denotes, “yes,
this is a threat.” In such a scenario, Nyag will UI00D identify an unseen threat, rendering the

learning of hpag pointless. In short, Nyag drastically overfits to the training data.

1.1.4 AvVOIDING OVERFITTING

Overfitting can be avoided with the appropriate use of bias. If we have some domain spe-
cific knowledge, we may suspect what the optimal hypothesis may be. In such a case, we
may want to bias our learner by choosing a hypothesis class that represents our prior knowl-
edge/beliefs. Meaning, we should restrict the hypothesis class H. If, for example, we sus-
pect there is a linear relationship between X and Y, we could restrict H to some set of lin-

ear functions to avoid a polynomial overfit (Fig. 1.1).

Overfit Data Not Overfit

* ZA3X ) ;-fE«-2 Jf BEXZ O &J°J

We could also restrict H by forcing it to be finite (or if it already is finite, to be smaller

than it was before).

>We will interchange “labeled as 1” with “positively labeled” throughout. Admittedly, this is a bit con-
fusing because zero is not negative in the mathematical sense. Note, though, that when we say positive and
negative, we are really referring to more general notions of yes/no or good/bad.

*Generalization is another way of describing the learner’s performance. If the learner has high risk, it does
not generalize well to unseen data.



1.1.5 REALIZABLE LEARNING

PAC learning is founded upon the characterization of generalization via a confidence pa-
rameter and an error tolerance . For an example, suppose our choices were = = 0:1.
A learner would then be a realizable PAC learner if it labeled 90% of instances correctly
90% of the time after running ERM on sufficiently many samples. The problem with re-
alizable PAC learning is that it is not always possible with a reasonable choice of H. Realiz-

able PAC learning requires the realizability assumption—a very bold assumption—to hold.
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While this may be a dubious assumption, it is still worth consideration as realizable PAC
learning allows for desirable theoretical guarantees. Namely, if realizability holds for a OO
hypothesis class, we can guarantee arbitrarily low error with a sufficiently large sample. To

prove this, we first require a formal definition of PAC learnability and sample complexity.
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To (realizably) PAC learn over H is to satisfy the following definition.
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Note that realizable learning is restricted to the 0; 1 loss, but again, that is the only loss
we will consider in this work. We now prove that finite hypothesis classes are realizably

learnable.
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OO0 First, let us outline the core of our argument. Since realizability holds, there is an

h 2 H for which Lp(h ) = 0: Hence, with probability 1, ERM will find at least one
hypothesis with zero empirical risk on any sample we draw. The question of importance is
whether zero empirical risk implies low true risk. If h is the only hypothesis with zero
empirical risk, then clearly, ERM will always pick h and low risk is achieved. Assume, then,
that there exist multiple hypotheses with zero empirical risk and that some of them have

low true risk and some do not.

If we can bound the probability of drawing a sample with zero empirical risk and high true
risk to be at most , then by complementation, the probability of a good sample (zero
empirical risk and low true risk) isatleast1 . To achieve our bound, we formalize our

argument by defining two sets
Hbad =fh2H: LD(h) =>4q

and
Spad = fS 2 (X Y)n :9h 2 Hpag for which Ls(h) = Og

The set Hyag is the set of hypotheses which violate our error tolerance and Spaq is the set of
samples with N instances for which empirical risk is zero and true risk is poor. Our goal is to
bound the probability of drawing sample from Spag. Observe that we can write Spaq as a

union over the h in Hpaq:

[ n
Spad = fS2(X Y)':Ls(h)=0g:
h2Hpad



NowletS D" denote the IID sampling of N instances from D and then we have

' #
L
P [S2Sml=_P - fS2 (X Y)":Ls(h) =0g (1.1)
S P [Ls(h) =10] (1.2)
X Y
= P [h(xi) = F(xi)] (1.3)
h2Hpaq i=1
X Y
@ ) (1.4)
h2Hpaq i=1
jHja )™ (1.5)

For clarity, we provide some additional explanation. Eq. (1.2) follows from the

inclusion-exclusion bound. That is, for two sets A; B, we have
P(A[LB)=PA)+P(B) P(A\B)

which implies P(A [ B)  P(A) + P(B). A similar argument holds for more than two
sets. The step from Eq. (1.2) to Eq. (1.3) follows from IID sampling and the fact that zero
empirical risk happens if and only if h(X) = F(X) for all X in the sample. Since each
hypothesis we are considering is a bad hypothesis, the risk of h is greater than . Recall that
risk with respect to the 0; 1 loss is simply the probability of misclassifying an instance and
therefore, Eq. (1.4) follows from complementary probability. Lastly, Eq. (1.5) follows from
the fact that JHpag)  JH]. To conclude the proof, we use the fact that 1 e to

write

P S2Skd JHIL )" jHje "

and then we pick an n such that JHje ":Rearranging yields

n o InGHI=) D InGHi= )



m
We have now shown that that if we use 24H1=)

or more samples when running ERM,
the probability of obtaining a sample with zero empirical risk and poor true risk is at most .
Now, notice that a sample cannot have low and high true risk at the same time. Thus, the
probability of obtaining a sample with zero risk and low true risk isatleast 1~ , and
therefore, H is PAC learnable with a minimum number of samples

() MOHE)

1.1.6 AGNOSTIC LEARNING

If realizability does not hold, we cannot guarantee that there always exists a hypothesis in
H that achieves zero risk. Learning without the realizability assumption is called agnostic
learning, and requires a slight modification of our perspective on what it means to success-

tully learn.
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Lo(h) rf]pziﬂLD(hO) +

Just as we proved finite hypothesis classes are realizably learnable, we can prove finite
classes are agnostically learnable. We will, however, require a few additional ideas. Namely,
we need to discuss what it means for a sample to be  representative and how representa-

tive samples relate to a property called uniform convergence.

Notice that if realizability holds, agnostic learning and realizable learning are equivalent because
r:pzlrg' Lp(h") = 0in the realizable setting.

10
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Intuitively, an representative sample is a sample that is “informative enough” to make
the empirical risk and the true risk roughly equivalent. While this does not necessarily mean
our sample is large, the most generic way to achieve an representative sample is to make
the sample as large as possible. We now show that obtaining an  representative sample is

sufficient for agnostic learning.
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Lo(hs) minLp(h) +

O000T Assume S is =2 representative. We can then write

jLo(hs)  Ls(hs)j >

When we drop the absolute value, we obtain

Lo(hs) Ls(hs)+ 5

Since hg is an ERM hypotehsis, Definition 1.8 implies

Ls(hs) + 2 Ls(h) + 5

for any h 2 H. Further, since S is =2 representative, we have

jLo(h) Ls(h)j=jLs(h) Lo(h)j 3 (1.6)

Combining Eq. (1.6) with all that precedes it yields

II1



Lo(hs) Ls(hs)+ 5 Ls(h) + 2 Lo(h) + oto = Lo(h) +

forallh 2 H. To conclude the proof, observe that since the above holds over all h, we have
Lo(hs) LgiHLD(h) + ,soindeed, if Sis =2 representative, then agnostic learning is
achieved with ER M.

We now need to determine how to ensure a sample is  representative. Formally, we need

to prove that we can achieve the uniform convergence property.
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To prove that a sample enjoys the uniform convergence property, we make use of a con-

centration inequality called 10000000 CO0C0O0OI0C.

000P[a  ; b] = 10 000000 00 000000 000100000 000 00000000 OO0 00 000 > O
T X " 2
1 2n
P =, > 2exp
n_ P b a2

i=1
Before we begin a proof, let us draw some parallels between Hoeffding’s Inequality and
the notions of risk we are already familiar with. In particular, notice that our loss function
is a random variable due to the fact that instances Z = (X;Yy) are drawn randomly with
IID sampling. Moroever, the notions of risk are empirical and theoretical expectations with

respect to the loss, just as

i and
i=1

S|
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areto . Thus, Hoeffding’s Inequality tells us that, for some fixed h,

2n 2
(b a)?

when the loss function * is bounded. Certainly, we need to consider more than just a

PliLs(h) Lo(h)j> 1 2exp (1.7)

single fixed hypothesis, but Eq. (1.7) paves the path to do so.
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00000 In the realizability setting, we bounded the probability of drawing a sample for
which our risk tolerance was violated. We begin in a similar manner, only this time, we wish
to bound the probability of drawing a sample for which our uniform convergence tolerance

is violated. Define the set of such samples to be
Spad = TS : 9h 2 H for which jLs(h) Lp(h)j> g:

Like before, we write Spaq as a union, only now we need to consider all hypotheses (because

we want convergence uniformly over H) so we write

L . .
Spad = S :jLs(h) Lp(h)j> g:

h2H
Applying both the inclusion-exclusion bound and Hoeftding’s Inequality (and specifically,
Eq. (1.7)), we obtain

13
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P [S 2 Spad] P [fS:jLs(h) Lp(h)j> d [Union Bound]
) oS D
X n 2 [ ]
2exXp —— Hoeftding
han G a2
2 2
= jHj2 —
We now choose such that jHj2 exp ﬁ and rearrange
2jHj 2n 2 2jHj 2n 2
- — |
o 2" G ay

to find that if we use

a0 a°In@jHj= )

52
instances, then the probability of sampling an S such thatjLs(h) Lp(h)j is at least
1 . Since Ny is the minimum such number that achieves the uniform convergence
property,

(b a)?In(2jHj= )

N () 57

and the first part of the proof is finished. The second part follows quickly by plugging =2
into I"IE'C. That is, from Lemma 1.1, we know that if our sample is =2 representative, then
we achieve Lp(hs)  mMinpon Lp(h) + . We have previously shown that a sample with
nEC(; )instancesis representative, so choosing NP{“( =2; ) instances for our sample
size yields the desired result

(i) =z 20 TRENE)

and the proof is complete.
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1.2 THE No FrEe LuncH THEOREM

We have previously discussed the importance of bias and how we can use it to avoid over-
fitting. Our first try at avoiding overfitting involved restricting hypotheses to some finite
class. Two natural follow up questions are, “Do we need bias in order to learn?” and “Are
hypothesis classes of infinite size learnable?” The second question we will address in a later
section, but it turns out the two questions are not unrelated, as they are both answered by

restricting our view to some subset C of our domain X.

1.2.1  No FrRee LuncH

We now turn to the question, “Do we need bias to learn?” Inductive bias can be interpreted
as prior knowledge or beliefs about the task we are trying to learn—for if we did not have
prior knowledge/beliefs, how would we know what choice of H to make? In what follows
we will address the necessity of such prior knowledge. That is, we will prove there is no
universal learning algorithm.

The key idea behind our argument is this: if there was a universal learner, then said
learner would have to achieve PAC learnability on any task we already know is PAC learn-
able. We have already shown that realizable binary classification is PAC learnable. There-
fore, if we can argue that for any algorithm A (including the supposed “universal learner”)
there exists binary classification tasks where A can® fail, then we have shown that no such

universal learner exists. This is exactly what we will do, but to do so, we start with a lemma:

Ui 0o 0oo A 0o oo i0otooo dotdooioL Doo fod fooo oU dofood oooiido;o 0o Doido
00 100 000 0000 0ooo & 000 boOooo XU Co00od 0od dooo 0o 000 Ioidoeo oo S 00 mi 000
C 000000 000000 00 X fooo [Iod 2nl 00 A 00000000 O j000o0o S 00 n 000000000 0000 ootiit0mo
0ol Cc  f0;1g 000 00IO0OC D 0OC0IE A(S) - C | 0; 190 00 00000 D00

E [Lo,(A(S)] 1=4
max ¢ &, Lo (AG)]

®The word “can” is extremely important here. We aren’t arguing that any algorithm fails. Rather, we are
arguing that for any algorithm, there exists SOME task(s) on which it fails, but that’s okay because in this
case (binary classification) a different algorithm A? could learn that task. In other words, algorithms biased
towards different results will perform differently on different tasks.
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00000 Observe that there are T = 22" possible functions from C to f0; 19 :

fi(cy) Ti(co) fi(con)
f, 0 0 0
f, 0 0 1
fr 1 1 1

Next, for each function fj, let D; uniformly distribute instances over C ~ 0; 1g according

to Tj. That s,

8
=15Cj ify =T
) S

otherwise.

Notice that there are K = (2n)" possible sequences of N examples from C. We denote these

Under this notation, if the distribution is Dj then the possible training sequences A can
receive are St: i S,i(, and because Dj is uniformly distributed according to fj, all of

Si;::: S} are equally likely to be sampled. Hence,

X i i 1
S ED_n [Lo, (A(S))] = LDi(A(SjI)P(SjI) — >

* |
Lo, (AGS)):

We now introduce a bound and the maximum function using what I call the
Max-Min-Average (MMA) property. Namely, for some set of values, the maximum must
be greater than or equal to the average, which must be greater than or equal to the

minimum. Using the MMA property will allow us to rewrite our work and make progress.
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Namely, we have

max- Lp, A Sj = + Lo AS
i2m ko T 1 kJ_1
1 X 1 X )
=, T Lo AS (1.8)
ji=1 i=1
min L XL A S!
2k T

000000 D0 00 fof D0Dodo 000 dehio (000000 oo 40 Dootiiooor Lot todo oo oooog o
0000 1 0000000 000 D000 0o booo 1 0 Ooooooo hodoo 0oCoo0 Dot 0o 0oooooo o0 ied
000 00I0000o0C fodOoihooo 0o foo 0otOoiio o Io0 tJoddodo

C that do not appear in Sj, because JSjj = n < 2n = jJCJ. IfjSj] = nthenp = nso
clearlyp  n. That s, there are at least as many elements in C that are not in Sj as there are

in Sj. Thus, for every functionh : C ¥ f0; 19 and every i we have

<
Lo,(h) = LineoeriooP (Z = (X F(X)))
x2C

but by the definition of Dj, we have P (Z = (X; f(X))) = 1=JCj so the above can be
rewritten as
>

1
Lp;(h) = on Lheoefieor:
x2C

Next, notice that even though p N, itis never true that p = 2n. Since S needs to consist

of at least one unique instance in C, the largest p can beis 2n 1. Hence,

1 X 1 X 1 X
Lp,(h) = on Mheosficl 5o lnwosfieol

—~  lhwosfrwy (1.9)
x2C r=1 2p r=1
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where the last inequality follows becausep  Nnso1=2n  1=2p. We can now do some
work that will allow us to eventually rewrite Eq. (1.8) and complete the proof. Namely,
combining our work from Eq. (1.9) with Eq. (1.8) we have

1 X 1 XK1 X

= LofAGS) = oo lashumsnwr
T i=1 T i=1 2p r=1 SO !

Some rearrangement yields

1 X X 1 X 1 X
T 20 1 SH) (vr)6&Fi(vr ~ 5n T 1 SH)(vr)&Fi(vr
T 2p _ TAED@sfeol T gp T TIAG)EIER]
11X X L
T 20 T [A(S]) ()& Fi(ve)]
2 p T ., (8})vnefitv
which allows us to apply MMA to the last equality and get
1 X : 1 1 X |
T Lo; (A(S))) 5 ';gg} T 1[A(Sj-i)(vr)&fi(vr)]' (1.10)
i=1 i=1

From here, we are almost finished. We just need a way to evaluate the sum on the right

hand side of the above. Since the minimum function is being applied, V is fixed. This

all points in C except Vy: Formally, for every fi(v,) = O there is one and only one

Tio(vy) = 1 for which fj(X) = Fjo(X) for all X besides Vr. Moreover, because the only place
where fj and Ty differ is vV, and, by definition, Vy is not in either of Sji or Sjio, it must be true
that S J' and Sjio are the same sequence. Hence, the algorithm A will return the same

. ; 30
function on both S J' and Sj' SO

Liagshonenon ¥ LiaP)enstowo = 1
because (WLOG) fi(vr) = 0and fis(v,) = 1 so one (and only one) of them must be

18



correct. We can now rewrite Eq. (1.10) by grouping all the Sji and Sji0 pairs (of which there

are T=2) together in the sum on the right. That s,

1 1 X

s min T dneheosnen =
i=1

N -
-l>_|_l—\

1
T

Again, the min function will just fix our V; so all our previous work still applies and the

above is valid. Putting it all together, we have

1 X |
SE [Loi(AG)I = K Lp, A S
1 X |
> max B lLo(AS) ming Lo AS)
D> max _E [Lo(AS)] 174

which completes the proof because T = 22n,

[Uniformity of Dj] (r.rr)

[MMA from (1.8)] (r.12)

[Because (1.10) evaluates to 1=4]

(r.13)

We can now use Lemma 1.2 to prove the No Free Lunch theorem.

0000000 bl 0o 0oot Lotool Lol A0 oo fioooodo dolootio 4 Doo fof fooo 0o dotood 0o
(000C000T Dooo booodoo 0o 0oo o1 oot bodo O I000mht G0Dhio X1 Dioooo 000 0ooo 0o 0o doootooo
00000 S 00l I n 0 000 00000 100000 0000 jX j=21 1000 00000 booooo 0 00itioboio booo

X 10; 1g 1000 00T

00 DO00000NOoo0mO £ @ X ¥ F0; 19 D00 Lp(F) = 0 COE

[0 000 QO0C00moo 0o 0o 00000 1=7 000000 J0ooo o s

1=8:

D" 00 00000007 Lp (A(S))

00 00000 4000T 0000 m < jX j=21 10000 0000 o00oiooo foo 0000 A 000 00 focoao
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000007 Start by noticing that because m < jXj=2, we can indeed find a subset C of size 2N
that agrees with our work in Lemma 1.2. Meaning, we choose the Dj and f; in Lemma 1.2

that come from

max E [Lo,(A(S))] 1=4

and extend them to all of X. That is, for some subset C of X with size 2N, let the
distribution over X be

8
<i_iri —
DY) = _ 1=jCj iff(X) =yandx 2 C
- otherwise
where T(X) = fj(X) forx 2 C, and (WLOG) f(X) = 0if X 2 C. Notice that what we
assign to any X 2 C is irrelevant because an X 2 C will never be be drawn when sampling
according to D. To show the first statement in No Free Lunch holds, observe that Lp (f) is
clearly O because our probability distribution only allows us to sample correctly labeled

instances from C. Now, from our previous work in Lemma 1.2, we have

(E [Lo(A®)] 1=

We now make use of a corollary from Markov’s inequality, which is proven in*° (see
Lemma B:1):

1 a),

PlZz>1 a 3

In this case, we have

SEL(AGN] 128 14 =g

7=8 7=8
soindeed, P[Lp(A(S)) 1=8] 1=7 which proves the second statement in No Free
Lunch and finishes the proof.

=1=7

P[Lo(A(S)) 18]
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1.3 VC THEORY

VC theory is quite difficult—even more so than everything we have done thus far. While
proofs are important, the difficulty of the proofs surrounding VC theory are such that they
perhaps take away from the story we are telling more than they add, given the time our au-
dience will have to read this work. Thus, we will not work through the typical proofs one
would be exposed to when studying VC theory. The curious reader may find such proofs
in 000002000000 C0I0000 00000000 o, We will, however, provide a brief summary of the

major ideas that make VC theory so useful.

00000OC Do 100000000 b0 H b €l Ui H 00 0 M0 0o 0oD0nobobtd X 0 f0; 1g
O000IC = fey;:::;cmg X[ OO0 OO0000I0I0O 00 H 10 CI 0000000 He [0 000 0o 0o oo
000 00D C [0 F0; 1g (OO0 OO0 I0DONCO L0 H 0D Cl 00000 He [0 0 1000 o fo; lngj oo
(0000000 0ot 0i0000 o00ioor oo € 0000 bodinioo 0 boooiooimD oo o

The case where a restriction results in the [OJIJ00IO0 of a set C is of particular importance.

Q10000000 0ito bo000iooiooo Do 0oo OoooimofHONre X [O0ooooo 0o 0oooo Coooooo
000000 fhoooo o € 000 00 0o H 0o el uooo e i He fooooioo fooot bhOib i €
10 F0; 197 (000 jHj = 2)€ 000 C 11 (00000000 00 HE

Though we will not rigorously establish why due to the difficulty of the proof, shattering
allows us to characterize learnability of binary classification via a quantity called the VC

dimension.

L00000000 0ito 00 01dodooor 0o 0o DiOooooD o U 0oooioo0oo Joool HY 0000t do
VC(H) IOl O00IDo0 oo bidim e X 00o00oo 0o o0ioono 00 HI 0 H 000 000000 fo
00 00000000 00000 doood hoot o 0o H oo 0o to0oil 0d LiCoo0oLo

Ooooio 00 VC(H) =di0H ool oob o c o boo ey do

21



Notice that because V C(H) = d, then for any subset C X of size d, restricting H
to C generates [ binary labelings of the elements of C. Thus, for any” C" C,itfollows
that H is also capable of shattering C'. We denote this visually with a table. In particular,
for JCj = d =V C(H) the set JHc] contains all binary labelings of d elements.

fi(cy) Ti(co) fi(con)
T 0 0 0
T, 0 0 1
fr 1 1 1

and for some subset C*  C, imagine we chopped off part of the table. For instance if
jC% = nwithn < d then just consider all columns from 1 to N. The rows will contain
some repeated elements, but clearly, all functions from C’ to f0; 1g will be contained in
columns 1 to N. We now make use of NFL and the above definitions to see why the VC

dimension of a hypothesis class is so important.

00000000 000 000 H 00 0 0000000000 0000 00000 X 00 +F0; g7 000 n 00 0 20000000 (0000000
000 000 SO D000 0000 OO0 00NN DM € X 00 0000 2n 0000 00 000000000 00 HI 00000 000
000 00000000 A\ 00000 000070 0 OOU00000000 D D000 X §0; 1g 000 0 0000000 h 2 H 0000
1000 Lo(h) = O 000000 0000000000 00 00 00000 4=7 0000 (00000000 S D™ 000000
Lo(A(S)) 1=8

Directly from the Corollary 1.1, we have

0Uo0ood 00 00 H 07 0 00000000 fito oo i0000o 0O 0i000od [ooo H 00 000 000 oooar
000

00000 Since H has infinite VC dimension, then for any training size we pick, there exists a

shattered size of 2N, which implies the failure of learnability from Corollary 1.1.

7Note: We say that for any H, the empty set is shattered by H.
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At this point we might wonder, does a finite VC dimension imply learnability? Not only
does a finite VC dimension imply learnability, this result is so important that it has earned

the title, “The Fundamental Theorem of Learning”.

(000000 00 00000 B0l H 0o 0 0000060 oo 0o f000inoo food 0 boooo X 0fo; 1g
000 000 100 0000 000000 0o boo o1 0007 Looar o0 fonohooo Do otintinoo

[0 H 000 100 000000 fooooodoo Doooo0oa

[0 000 00O 0oo0 o7 0 f0odoonodo Doooimo oo booott oo Ko

00 H 00 DO0O0o Lod booboom

[0 H 00 000 (00000000 0 0o do0oihoomoio Diddoood Do

[0 000 00O Dood 0r O ffodooodo oo itooot [0 K 0o 000 oooiioo00uio Qoo uoio Ooofm

00 H OO0 00000 v € DoOooomoa:

Recall the algebraic and probabilistic cartwheels we did to make provable statements about
finite hypothesis classes. Imagine that for every infinite hypothesis class we had to do similar
cartwheels. That would be unfortunate. Instead, we need only show that a hypothesis class

has finite VC dimension. With that, we are ready to begin.
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(1000 000000ooooo O toooid Doo 0o 0oo boob ooo 0o
(00000 0000 [0 000 © 0eoooot 0ot 00 0boo Do o ooiom

The Art of Problem Solving

Partitioning the Family of Nonlinear

Classification Tasks

The Fundamental Theorem of Learning (FTL) equates learnability with a finite VC Di-
mension. While this is a very powerful theoretical tool, it can be abused if we are not care-
tul. Linear predictors, for instance, have a finite VC dimension but obviously, they do not
generalize well to nonlinear data. Does this contradict the FTL? No. The FTL makes state-
ments about learning in both the realizable and agnostic setting. If the data is nonlinearly
separable, then realizability fails with respect to linear predictors and therefore the finite
VC dimension of linear predictors implies they are agnostic learners with respect to nonlin-
ear data.

Notice that agnostic learners are only as strong as the strongest hypothesis in their hy-
pothesis class. In other words, being an agnostic learner could be meaningless, and indeed,
we can see this visually in Fig. 2.1. Namely, if the data is nonlinear, but still loosely resem-
bles a line, linear predictors might be a viable approximation choice. Conversely, if the data
is nonlinearly separable by some function that does not resemble a straight line at all, then

clearly, we need something stronger than linear predictors.
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Poor Approximation Better Approximation

* ZASX T14) 2 «XJ3  ©°3-FE AJ4-« -1 B-«f «XJ3 $ASEX”

To make sense of how we might construct a stronger model in the nonlinear setting, we
begin by partitioning all nonlinear classification tasks in R? into three categories: curve clas-
sifiers, loop classifiers, and no man’s land. By partitioning tasks into categories, we enable
the exploitation of geometric structure. Meaning, classifying nonlinear data without any
knowledge of what the true labeling function may be is simply too generic a task. We need

to have some sense of how the space is separated.

2.1 CURVE CLASSIFIERS

A curve classifier in R? is comprised of a nonlinear, injective function and an inequality

constraint.

000000000 000 0000000 0000 00000000 00000 £ - R ¥ R 0000 0000 000000000 R? 000D
000 000000 000 00 0000000000 000 00010 00000000 x 2 R21000 00000 00 x 00 00000 00 000 00 000 00000
QIomnoooo 1[X2 f(x1)] i 1[X2 f(x1)] 0ooio 1[c0ndition] = 100 condition 110000

Curve classifiers are perhaps the easiest of the three categories to extend to higher di-
mensions. The important property to maintain is that of unique outputs. If we preserve
unique output from a given input, the extension of curve classifiers to R® and beyond is
a manifold that does not pass through or intersect with itself. Ultimately, though, curve
classifiers are not of prime interest to us because the central theme of our work is examin-

ing what happens when we decrease or increase bias. In the case of curve classifiers, it is not
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clear what increasing or decreasing bias would even mean. The Weierstrass Approxima-
tion Theorem® tells us that over an interval, any function can be well approximated by a
polynomial —suggesting that maybe we can increase or decrease bias by changing the degree

and coefficients of a polynomial, but we leave this to future work.

2.2 Loor CLASSIFIERS

Loops in R2 are obtained by taking some curve on an interval and gluing together its end-

points.

(00000000 0I0 O 00000000 0000 07 000 0000000000 00000000 F - [a;b] ¥ R2 1000000000

fa) =1k

0000000y = alO0k = bl OOO0 000 00 000000000 COoCooCoet Dooooo bo 000 fobooooom
(1000 0000 00oo0o0do 0o ot 000000 boi0O0o fooitoo Do0oinoo oo foooon D Oonooo finooodo fioo oo
(00000 0ooo 0o Doon ofoo

Observe that the above is not a definition for a loop classifier, but just a loop itself, and a
single-loop at that (we will talk about loop classifiers and multiple-loops soon). It is worth-

while to discuss what is or is not a single-loop in a bit more detail, because we can get our-
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selves into trouble if we are not careful about subtleties. In particular, notice that the above
definition does not allow for loops to intersect with themselves anywhere other than the

“endpoints”. An example of an invalid intersection is given in Fig. 2.3

Single Loop Multiple Loop

—Loop
@ Center

(X0 XD

* ZBX T § 2 «zX £ SAf1°gX 2--°

To see why the curve on the right of Fig. 2.3 is not a single-loop, suppose that the center
is where the endpoints lie. We claim that the endpoints are not the only way to reach the
center. Start at the center and walk along the loop as indicated by the arrows. You will reach
the center again prior to covering the whole loop, implying an intersection. Formally, if the
curve on the right in Fig. 2.3 is given by some mapping g : [a;b] ¥ R?, then there exists
realnumbersa < j < K < bandintervals [a; j], [J; K], [K; b] such that the image of
[a; J1; [; K]; [K; b] under g all contain the center, which violates the injective property in

Definition 2.2.

2.2.1 PorLAR COORDINATES

Prior to defining loop classifiers, we need to discuss polar coordinates and their role in Defi-
nition 2.2. Specifically, definition Definition 2.2 does not require that the polar interpreta-
tion of the loop is restricted to 0 2 . Suppose, for instance, that data were labeled
according to a single-loop that indefinitely swirls around itself like that in Fig. 2.4. In order

to reach certain points on the loop, we will certainly need > 2 .

2.2.2 SINGLE-Loor CLASSIFIERS

A single-loop classifier labels an instance as positive if the instance is inside or on the loop,

and negative otherwise. By positive and negative, we mean “yes/no” or “true/false”. Since
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it is conventional to represent 1 as true and 0 as false, a negative instance has a value of 0,
despite the fact that 0 is neither negative nor positive. Recalling that the boolean operator
1 condition) returns 1 if a condition is true, and 0 otherwise, we obtain the definition of a

loop classifier using polar coordinates.

U0000I00 00 0000000 DO 00000000 xT L0 000 0000 x 07 0o0ioo0id (o00joo oo foo to0ido v 0o
x 001000 0000 00 00000 U v 0JO000 00000 0OC0CD 00 000 J00o 0o 0oo toto0- DOoool 0boo O
(000 ODODDOOO Do OO0DO O 2 o g

2.2.3 MULTIPLE-LOOP CLASSIFIERS

One would think that multiple-loop classifiers follow fairly intuitively from single-loop clas-
sifiers. One would be mistaken. Let us first start with a simple example. Imagine we place

a torus in R?. Which areas are positively labeled and which areas are negatively labeled?

We can’t say “inside the loop” anymore because we need to make a choice as to which loop
(and we need to decide what to do about any overlapping regions). In Fig. 2.5, for instance,
we could interpret “inside the loop” three different ways.

The three interpretations we could use are 1) that “inside the loop” means being inside
the circle with the smaller radius (left plot), 2) being inside the circle with larger radius 000
outside of the circle with the smaller radius (middle), or 3) as being anywhere inside either
of the circles (right). While we could simply make a choice and stick with it, that does not

generalize well.

2.8
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