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Motivating Questions and Ideas

▶ No Free Lunch
▶ Provably impossible to find universal

learner
▶ We need bias to learn

▶ Howmuch bias is enough?
▶ For linear data, knowledge of linear

structure is enough
▶ What about nonlinear data?

We know
everything

We know
nothing

Known Structure
and Center

Known Structure
but not Center

Weak Knowledge
of Structure

Arbitrary
Loops
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Learning Theory Definitions

▶ Learning space is denoted byX
▶ Examples:

▶ Cartesian planeR2

▶ Three SpaceR3,
▶ Subspaces [−0.5, 0.5]2

▶ Set of labels is denoted byY
▶ For binary classificationY = {0, 1}

▶ Training data is denoted by
a sample S = {(xi, yi)}ni=1

▶ Labeling function: f : X → Y
Figure: Visual Summary of Definitions
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Empirical Risk Minimization (ERM)

True Risk:
▶ Probability of

Misclassifying an
Instance

▶ “Calculated” with
Marginal Distribution
DX and true labeling
function f
P

x∼DX
[f(x) ̸= h(x)]

Empirical Risk:
▶ Ratio of Mislabeled

Points to All Points
▶ Calculated with Sample

1

|S|

|S|∑
i=1

1[f(xi) ̸=h(xi)]
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Overfitting

ERM can lead to overfitting (poor generalization)
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Hypothesis Classes

▶ Learning model chooses from set
of functionsH

▶ Each function is of from
h : X → Y

▶ We call h a hypothesis
▶ We callH a hypothesis class

▶ Classes enable us to induce bias
into models

▶ Example: Linear Classifiers
▶ H =

{
hm,b : m, b ∈ R

}
▶ hm,b = 1[x2≥mx1+b]
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Probably Approximately Correct (PAC) Learnability

▶ Realizability Assumption
▶ There exists h∗ ∈ H such that the true risk of h∗ is zero
▶ If assumption holds, ERM is a probably (with confidence 1− δ)

approximately (up to an error ϵ) correct learner
▶ Example:

▶ Set ϵ = 0.1 and δ = 0.2
▶ Consider 1000 trials
▶ If S sufficiently large,≥ 800 trials should result in≥ 90% accuracy

▶ Important: realizable learners are arbitrarily strong
▶ What if realizability fails?

▶ Agnostic PAC learning
▶ An agnosticH is only so strong
▶ That is, there exists an h ∈ H for which the risk is minimal but nonzero
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Sample Complexity

▶ How large does S have to be for good results? Depends
▶ IfH finite and realizable, sample complexity is nH(ϵ, δ) =

⌈
ln(|H|/δ)

ϵ

⌉
▶ IfH is finite and agnostic, sample complexity is nH(ϵ, δ) =

⌈
2 ln(2|H|/δ)

ϵ

⌉
▶ IfH is infinite, ERM only works if V C(H) < ∞

▶ The above is not as important as the following:
▶ In practice, most models will be agnostic
▶ Agnostic classes vary in strength, so data is not really the issue
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Concentric Squares at the Origin

We know
everything

We know
nothing

Known Structure
and Center
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Training Concentric Squares at the Origin

Three Algos: Positive, Negative, Midpoint

Algorithm 1 Positive ERM
1: Initialize square Q to be largest square
possible

2: for each instance in S do
3: if Qmislabels x then
4: DecreaseQ such that mislabel is

corrected
5: end if
6: end for
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Training Concentric Squares at the Origin

Three Algos: Positive, Negative, Midpoint

Algorithm 2Negative ERM
1: Initialize squareQ to be smallest square
possible

2: for each instance in S do
3: if Qmislabels x then
4: Increase Q such that mislabel is

corrected
5: end if
6: end for
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Training Concentric Squares at the Origin

Three Algos: Positive, Negative, Midpoint

Algorithm 3Midpoint ERM
1: LetQP be square from positive ERM
2: LetQN be square from negative ERM
3: return the square in the middle ofQN

andQP
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Mid ERMAchieves Kernel-SVM

▶ Support Vector Machines (SVM)
maximize margin between
halfspaces
▶ Reduces sample complexity

▶ Hard SVMs require data to be
linearly separable, but our data is
not, nor did we transform it
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Experiment Results

Experiments with δ = 0.1
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Concentric Squares with Unkown Center

We know
everything

We know
nothing

Known Structure
and Center

Known Structure
but not Center
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Rectangular Approximations

We know
everything

We know
nothing

Known Structure
and Center

Known Structure
but not Center

Weak Knowledge
of Structure
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Rectangles Are Only So Strong

▶ Main point: Rectangles are agnostic, and their strength is conditioned on loop structure, not
sample size
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Grid Classifiers
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Training Grid Classifiers

Algorithm 4 Scan Grid

1: Initialize a hash tableH to be empty.
2: Let S be our sample, B our border, G our untrained

grid matrix.
3: for each instance x ∈ S do
4: if x ∈ B then
5: Locate the indices i, j such that x ∈ Gi,j

6: if (i, j) /∈ H then
7: add (i, j) toH
8: end if
9: end if
10: end for
11: returnG, H

▶ Alg. 4 is both how we train fixed size and determine
grid size

▶ If scan returns grid with empty
cell, decrease size. Otherwise
increase.

▶ While scan occurs, we update grid
matrix
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How Strong Are Grid Classifiers?

Results for Large (several thousand instances) Data Sets
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Can Grid Classifiers LearnWith Small Data Sets?
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Conclusion

▶ Main Question: Knowledge of Linear Structure is enough for Linear Classification; are the
nonlinear analogues?

▶ Answer: Seems like it!

We know
everything

We know
nothing

Known Structure
and Center

Known Structure
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Weak Knowledge
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