The N-Dulum
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1 Abstract

In this paper we will explore the motion of a pendulum with n masses by composing a
Lagrangian and using the Lagrange Equations to find equations of motion for each mass.
We will treat the masses as point-like objects and we will assume that the length of the
pendulum and its point of support do not change (and consequently, the distance between
masses is the same for every mass). Our setup will enable us to chain together the positions
of the masses, which will allow for an iterative representation of the equations of motion.
Meaning, for each mass m; in the N-dulum, our Lagrangian will be capable of producing a
corresponding equation of motion that, when solved, would produce a postion function ¢;(t).

2 Introduction

To begin, we need to form a conceptual understanding of our system. We will denote the
length of the pendulum as [ and we will let [ be a constant. Since [ is constant, the distance
between masses (on the N-dulum) is always [/n where n is the number of masses. Without
this constraint, the problem could be considerably more difficult. As we shall see later, one
of the core ideas to our approach is to make use of the power of symmetry. Another
important constant is the height between the top of the pendulum (point of support) and
the ground; we denote this height as h. There will be some that point out that we don’t
actually need the constant h. However, when we compute gravitational potential energy, I
find it much easier to visualize what we are doing and why by introducing a constant
(more on that later). Though we don’t need to, our computation will be less error prone if
we let all masses on the N-dulum have the same magnitude. We will measure the position
of mass m; wtih ¢;, the angle between a “sub-dulum” s; and the vertical. If it is not clear,
the sub-dulum s; is simply the i pendulum. That is, on a double pendulum, we have the
first pendulum starting at the point of support and ending at the first mass whereas the
second pendulum starts at the first mass and ends at the second mass. Likewise, on the
N-dulum, the i*" pendulum s, starts at the mass m,_; and ends at m,.

We are almost ready to begin, but there are a two key considerations worth mentioning.
First, we assume the entire N-dulum is free to move without friction in a plane. Ignoring
friction allows us to be confident we are dealing with a similar system to the single and
double pendulum from chapter 7 and thus removes any need to worry about whether we
can use Lagrangian methods. Second, we assume that the rod of each s; is massless. Such
an assumption will allow for a nice interpretation of arbitrarily many masses. Namely, as
we let n — 0o, the N-dulum begins to behave like a rope with mass nm.



We are now ready to start considering the N-dulum itself. Given some pendulum with a
length [, a point of support with a height A above the ground, and n masses, we have a
system like so:

3 Composing Lagrangian

Our first step in forming the Lagrangian is recognizing that the kinetic and potential
energy of the N-dulum can each be written as a sum of the respective energies of each
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sub-dulum. That is

T = iT and U = iU
=1 i=1

3.1 Kinetic Energy
We know kinetic energy is given by %mv2 so we should expect that if m; has a position of
r; then the kinetic energy of each sub-dulum s; is given by %mi‘?. Thus, the total kinetic

energy 1" is written as
n
1
T = —mi?,

It follows that we will eventually need to understand the term > #7. We will first need to
understand r;, however.

3.1.1 Position Vectors

Note about unit vectors: Later I will point out the importance of not underestimating
trigonometry. That turned out to be painfully ironic. When making my calculations, I
dropped vector notation so as to save space (seeing everything in a neat line helps me
think). My work is correct, but if and only if we work in a plane that doesn’t follow what
we are used to. That is, if we just plug in the basis vectors i andj our heights will be
incorrect. I measured everything as if our origin is at the point of support. Meaning, the
positive vertical direction is going down, and the positive horizontal direction is going to
the right. I originally planned to use i andj to denote vector functions, but I clearly
cannot. Thus, we will define a new unit vector J which points in the negative vertical
direction on the cartesian plane (positive vertical direction for our system).

From the diagram above, we can see that the position vector for my is

l s .
ri(t) = - sin 11 + - cos O1d (1)

where ¢; is a function of time !. Though it may seem trivial, it’s very important to
understand how we derive the position vector ry(t) as the ideas used to do so will be
chained together to form every subsequent position vector (power of symmetry). Thus, if
we can understand a single postion vector, we can understand all postion vectors; we have
now justified the motivation for explicitly stating the meaning of the terms in equation ([1).

Recall from trigonometry that for a right triangle, we can find the values of the base and
height of the triangle if we have an angle and the hypotenuse. In this case, we are
considering the triangle where % is the hypotenuse, the angle we are considering is ¢, and
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the base and height are the horizontal and vertical components of r(t) respectively. We

obtain the value of the horizontal component with the equation Il;’;” = sin ¢;. Likewise,
we obtain the value of the vertical component with %272 = cos ¢;. Then, we simply scale

l/n
the i and J vectors by %Sin ¢, and %cos ¢1 respectively. The importance of all that
computation lies in our consideration of r;(t) for i > 1. For instance, we find ry(¢) with

ro(t) = 1(t) + %(sin ol + cos gzﬁgj)

which can be rewritten as

) . 1 . ~ 1 A
ro(t) = p sin 11 + - sin ¢oi + - cos ¢1J + - CoS ¢aJ (2)

where ¢, and more generally, ¢;, is also a function of time. Equation should
demonstrate our seemingly unnecessary review of SOH CAH TOA. When finding ry(t), we
are adding up the total vertical and horizontal distance necessary to get to my. That is,
after we have found ry (), we set m; as our new, temporary origin and find ro(t) exactly

like we found ry(¢). We can then do the same thing for r3(¢) (treat my as new origin) and

so on for any r;(t) 2. We can now see that the position vector for the i mass is

ri(t) = %((simﬁl +singg + - - +sin¢i)i+ (cos g1 + cos o + - -+ + cosgbi)j) (3)

3.1.2 Squaring the Velocity Vectors

Now that we have position vectors, we can differentiate to get velocity vectors:

r| = %((cos(qﬁl)él)i + ( — sin(¢1)¢'1>j)
Iy = %((cos(qﬁl)él + Cos((bg)qﬁg)f + ( — sin(¢y) ¢y — sin(@)@) j)

I = %{(icos(@’)éﬂ)i + (i_: - Sin(@')dgz")j}



One of our last steps in understanding 7 is to simply compute the first few r? terms 3.
Notice that we don’t yet have a formula for #2 so it would be rather difficult to compute
S 12, While computing #2, it will be helpful to remember sin?§ + cos?§ = 1 and

cos(f; £ 0y) = cos 0 cos fy F sin 0 sin f,. Let us begin the computation of #?. We first
compute 12:

.2 2 2 ;2 ) ;2
i = — (cos*(¢1)d1 + sin®(¢1)dr )

n2

2
= o5
Next, 13:

2

i = ) [0032(9251)@12 + 0082(9252)@2 + 261 ¢ COS 1 COS o

+ Sin2(¢1)€512 + Siﬂ2(¢2)¢§22 + 2616y sin ¢y sin ¢2]
l2

n2

<§Z§12 + ¢.22 + 2 [¢.1¢'2 cos(¢1 — Cbz)})

And after 12, the pattern should be clear:
2
i3 = 2 COS2(¢1)¢512 + Cos2(¢2)€2522 + COSQ<¢3)§Z§32
+201 COS P1 COS 2 + 201 3 COS 1 COS B3 + 20293 COS By COS B3
+sin(¢1)d1 + sin®(go)ds + sin(¢)ds
+2h16h2 I 1 Sin o + 2613 Sin by SN G5 + 260y sin Gy sin ¢3]

—_ % (gf)IQ + ¢22 —|— ¢32 —f— 2 |:§Z51¢2 COS(qbl — gbg) + ¢1¢3 COS(¢1 — gbg) —I— qf)ggbg COS(QbQ — ¢3)]>

We can now see that for ? (where i > 1) we have
BT -1 i
P2 = = {Z@ +2) ) bidrcos(d; — o) |-
j=1 j=1 k=j+1
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We can now sum up the velocity squared terms to get kinetic energy. Our lengthy
computation yields

1
T=gm, 7
=1
YA I N R, N ] mil? . 2
= §m [ﬁ {Z 925]' + 2 Z Z ¢j¢k COS(¢]‘ — st)} + ﬁﬁ%
i=2 j=1 j*l k=j+1 i
12 & ‘ ] ml? . 2
— g2 (24 <25 > dnto, -] |+ + g
Jj=1 k=j+1 i
mi?

(¢1) (¢1 + o’ +2[ 162 cos(p1 — (/52)])

T 22

(607 67 4 62+ 2[drdcon(on — 62 + udncon(on — 62) + dadcon(oz - )]
4

+ (Z éjQ + 2[@1@2 cos(1 — bo) + G103 cos(d1 — B3) + d104 cos(p1 — da)
=1

+ patbs c08(a — 3) + bacba cOS(¢2 — Pu) + B3 cos(¢p3 — ¢4)) +

(Z@ +2Z Z b cos(; qbk)])]

J=1 k=j+1

In the last “line” (everything after the last equals sign) we have what appears to be a mess
but isn’t actually that bad. One might notice the comically large parentheses. They are
large on purpose. Each parenthesis...group * is an iteration of Y ;. Therefore, the kinetic
energy is given by

[Zw +2Z Z Crsn cos(d; — )

Jj=1 k=j+1

where (; = n+1—j. The (; term comes from the chaining of terms. Meaning, the position
of the ¥ mass depends on the position of the i — 1 mass. As such, every iteration will
have a gb% term, every iteration after the first will have a gb% term, and so on. The

%qﬁk cos(¢; — ¢r) terms are slightly different. The %qbk cos(¢; — ¢y) are biproducts of
squaring a sum of terms. That is, (a +0)* = a® + b* + 2ab and

(a4 b+ ¢)? = a® + 0>+ & + ab+ ac + be. We can see that the ¢;¢y cos(d; — ¢r.) are
analogous to the ab, ac, bc terms so in order for the gbjgbk cos(¢; — ¢) terms to appear, we
need ¢ > 1. Other than that, the same reasoning applied to the derivation of ¢; can be
applied to (. When we count the terms up, we see that (, =n+ 1 — k.



3.2 Potential Energy

Recall that the position of the 7*" mass is

ri(t) = %((singbl +singy + -+ +sin ;) i+ (cos g1 + cos gy —i—-'-—l—cos@)j).

Since the height between the top of the pendulum and the ground is some value h we can
write the GPE of the i'" mass as mg(h — y;) where y; = > i1 cos ¢;. The total potential
energy is simply the sum of all mg(h — y;). By analyzing the sum of the first few terms, we

should be confident that
— h — E > e
U mg [n . coS gb]

=1

Observe that the sum of the first three terms is

Us = mg(h —y1) + mg(h — y2) + mg(h — ys)
= mg(Bh — Y1 — Y2 — ys)

[ [ [ [ [ [
=mg|3h — —cos ¢ — (—cosgbl +—cos¢2) — (—cosgbl +—cos¢2+—cos¢3)]
n n n n n n

3l 21 [
mg |3h — (E cos ¢1 + —Cos¢2 + —cos¢3)]

From here, we get U, with

Uy =Us +ya

= Us +myg

h — (icosgbl —|—£COS¢2+£COS¢3—|— i(3osqb4)]
n n n n

41 3l 21 [
=mg |4h — (— coS 1 + — COS ¢g + — cos P53 + —COS¢4)]
n n n n

4+1—j

M”“

[4]1 —————C0s ¢;

J=1

and more generally



%

U =U,_1+mg [h — Z % cos@}

j=1

=mg [z’h — i: WCOS gbj]

J

which implies

as desired.

4 Lagrangian and Lagrange Equations

Putting all of our previous work together, we have

=3m |:Z<]¢J +22 Z Cejr cos( ¢k)} —mg{ Z cos@}

7j=1 k=j+1 =1

We have a fair bit going on in our Lagrangian so we want to be careful and make sure that
we don’t miss any terms. In short, we are computing n LE equations. That is, we are
looking for

oL doL

op;  dt 8@
for all ¢ such that « <n and ¢ € N. Unfortunately, there isn’t really a clean way to do this.
We will just have to take it one step at a time and account for all cases.




4.1 Partial with respect to Phi

Case 1:

There’s a lot we need to consider in all three cases, so we will write a copy of the
Lagrangian:

n

|:Z<]¢J +QZ Z (i br, cos( ¢k):| —mg{nh—z%cosgbj].

=1 k=j+1 j=1

In the first case, we are looking for Notlce that in the offset double sum, only j can be
equal to 1. Therefore, while Computmg ¢1 our double sum becomes a single sum. That is,
we hold 7 at 1 (so that we don’t miss any j = 1 terms) and compute the partial derivative.
Such an action gives

oL mZQ{ -

9, - 2 Z(n +1—k)p1¢psin(¢y — ¢p) | — mglsin ¢y

k=2

You'll notice I removed (j and replaced it with its actual meaning as to avoid confusion.
It’s critical we don’t mix up our subscripts here so it’s good to write out as much as
possible.

Case 2: In case 2 we want to consider what happens for 2 < i < n — 1. Notice that both j
and k exist in the range 2 to n — 1. Therefore, we need to comput two partial derivatives.
We need one partial for the occurences where j = ¢ and one partial for £ = 7. The sum of
both partials will glve . We are going to be just as annoying as Taylor and skip heaps of
algebra to get

oL mlP[& —
% = —?[Z(n—i—l k)@% sin(¢ (n+1— <Z5j¢z sin(¢;—¢;i) | —myg

k=i Jj=1

1=l s,

Again, I removed the { notation and we see that when j is fixed, the j subscripts are 7 and
when £k is fixed, the k subscripts are i (for 2 <i <n —1).

Case 3:

In case 3, we are looking for 2= ¢ which, in Kinetic energy, only occurs in k£ terms.
Therefore, we will hold the k£ sum constant at £k = n and differentiate to get

oc .
96, [Zqﬁ]qﬁn sin(¢; — ¢,) — mgsin(¢,) |-
Notice the lack of a negative sign in front of the ™5 term that is not a mistake. This time

around, the negatives from the derivative of cos and the ¢; term cancel out.
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4.2 Partial with respect to Phi dot

When computing the partial derivatives with respect to the time derivative of éi, we will
have the same offset problem. We will use the same methodology. That is, we will consider
1=1,2<i<n-—1,and i =n. After all computation is said and done, we have

oL ml? {n% 4 (Zn:(n +1 — k)¢ cos(py — <Z5k))]

0(151 oo k=2

and

i—1

k=i+1 j=1

oL 2. —
e ”;_2 {qbn + (quj cos(¢; — m)}.
n j=1

4.3 Time derivative of Partials

We now need to compute the time derivatives of the partials we just found. The
differentiation yields

d oL _ ml? [nqbl + <: ((n + 1 — k)gx cos(¢1 — dx) — Prsin(dr — o) (1 — ¢’“))>}

dtog,  n? 2
and
d [2 . n ) . | |
quf = TZ_Q {(n +1—14)p; + ( Z <¢k cos(p; — ér) — drsin(p; — ér) (P — <Z5k)>)

k=i+1

(5 (1 oty = 00 = 6yt - 0006~ 1) )]

=1
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and ,
d oL mil*| - ~— /- . . .
E% =z {Gbn + (Z <¢j cos(¢; — ¢n) — ¢;sin(d; — dn)(d5 — %)))} :
n j=1
We have now found everything needed to compose the Lagrange equations. However,
writing them out would not be particularly illuminating as they are what one might call
“messy”.

5 Conclusion

Our analysis of the N-dulum serves a few goals. Above almost all else, we wish to have fun.
Truthfully, the N-dulum is not what one might call “practical”. While it is true that for
higher numbers of n the N-dulum behaves closer and closer to a rope/chain, I have no idea
what kind of computing power would be needed to simulate such a system. Considering
computational power is something I would have done had I had time to do any coding, but
unfortunately, that has not (yet) happened. In addition to intellectual play, we wish to
practice problem solving. The N-dulum—and any system that involves generalization, for
that matter—exists as a wonderful opportunity to test our ability to conceptually
understand a problem and the tools we need to solve it. I find that in a problem that
requires exceptionally generalized thinking, one needs to be more careful about the finer
details. For instance, should we be worried about angles to the left of the vertical? If we
were drawing by hand, we could just denote such an angle as —¢, but in the general case,
it would be difficult to implement such a strategy. If my understanding is correct, we do
not need to worry about angles to the left of the vertical. That is, our computation still
provides the correct answer because we can consider some angle —¢ to be equivalent to

27 — ¢ and we should get the same answer with both angles ®. Litte sub-problems like this
arise constantly when dealing with a generic model and I believe that that’s what makes
generalization valueable. Generalization forces one to question what they think they
already know. In working through this project, I've had to revisit trigonemtirc properties,
algebraic properties, dot products, the least action principle, conservative forces,
constraints, the conceptual fundamentals of GPE, derivatives, numerical solutions to
differential equations, and induction—to name a few topics.

In case it is not already abundantly clear, this project is far from finished. I have not coded
up solutions. I do not have an animated visual. My algebra, where it exists, could likely be
explained in a clearer way. Among the many topics I would like to address when my work
here is finally done are normal modes and Newtonian solutions to the N-dulum (where I
would consider incorporating friction, if I were really feeling crazy). Also, though I have
indirectly said so already, I really do want a solution to the N-dulum. If possible I would
love to adjust a slider and see results in real time (solution and animation). I look forward
to harassing Jeremy with my future questions.
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that skim occured after my results were achieved and it lasted for about 30 seconds. I
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Notes

'Ts there a difference between saying “of time” and “with respect to time”?

2At some point I will learn Tikz because I really want to show what’s happening with vector addition.
I think it’s important that we understand why the chaining of the position vectors works, because without
that relationship, I imagine the problem would be considerably less intuitive. Edit: I have learned Tikz (a
little). Unfortunately, T am not proficient enough to be fast, so we have very ugly hand made drawings in
my deliverable.

31 want to include something about dot product (avoiding the freshman’s dream is kinda important).
. P2 X
Also, check this out ¢;  vs. ¢?

4] don’t think “group” is the right word. I'm hesitant to use “term” because I think that could be
confusing. Anyway.

51 still wonder if this could pose for some problems when writing code to generate a visual, but whatever.
Problem for another day.

Edit: I left my notes in because I don’t really consider my deliverable deliverable. It’s
more of a draft. Being that that’s the case, I figured I might as well. It seems to me that
I'll learn more if I highlight some of my ignorances/mistakes/random thoughts. Some of the
notes might be gibberish (too tired to check).
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https://rrubenza.github.io/project/p235_npendulum/
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